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ABSTRACT: We continue the study of hadronic scattering amplitudes at high energy by sys-
tematically including nonlinear effects of finite partonic density in hadronic wave function
as well as the effects of multiple rescatterings in the scattering process. In this paper we
derive expressions for a single inclusive gluon production amplitude and multigluon inclu-
sive production amplitudes when the rapidities of all observed gluons are not very different.
We show that at leading order these observables exhibit a semiclassical structure. Beyond
the semiclassical result, we find that the gluon emission has some characteristic features
different from the JIMWLK and KLWMIJ limits in that the gluons are not emitted inde-
pendently in rapidity space, but have a correlated component with correlation length (in
rapidity space) of order one. We demonstrate the consistency between this feature of the
multigluon observables and the Hamiltonian of the QCD Reggeon Field Theory (Hgrpr)
derived in the companion paper [1]. We also show that the evolution of these observ-
ables with total rapidity of the process is generated by Hrpr of [1]. We discuss whether
this evolution is equivalent to evolution with Hjynvwik as far as this set of observables is
concerned.
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1 Introduction

This is the second of two papers devoted to the study of hadronic observables at high
energy taking into account the effects of Pomeron loops. In the first paper [1], we derived
the Hamiltonian of the QCD Reggeon Field Theory [2] which accounts for the effects of
nonlinearities in the hadronic wave function as well as multiple scattering effects in hadronic
scattering, and thus fully includes Pomeron loops. It supercedes the JIMWLK [3-6] and
KLWMIJ [7] evolutions which are only applicable in parts of the parameter space. This
Hamiltonian - Hrpr governs the evolution of many hadronic observables with energy. In
particular it directly gives the evolution of the forward scattering amplitude. The derivation
of [1] was based on the earlier results [8] for the evolution of the hadronic wave function.
In this paper we extend our analysis to other observables. In particular we derive
expressions for the amplitude of inclusive gluon production at high energy. We consider
single gluon production as well as multi-gluon production when all the emitted gluons
are close to each other in rapidity, so that the rapidity evolution between them does not
have to be considered. There has been a lot of interest in the calculation of inclusive
gluon production in the framework of the high energy evolution. Starting with [9] which
calculated single gluon production for DIS in the dipole model, this observable (as well as
multi-gluon production) was considered beyond the dipole model limit in DIS in [10-16]



and in nucleus-nucleus collisions in [17-20]. Some, effects of the Pomeron loops which do
not extend to the rapidity of the measured gluons in DIS setting were studied in [21].

In the present paper we extend these results by including the Pomeron loop effects
using the methods of [1]. Our calculation is applicable to both the DIS situation and
the nucleus-nucleus scattering. We follow the approach and techniques developed in [13,
14]. The extension of these results to include evolution between the observed gluons is
straightforward but we leave it for future publication.

We note that very recently inclusive gluon production in nucleus-nucleus collision was
discussed in [20]. Our present work has many parallels with [20] even though the methods
we use are quite different. Our results are more complete in the sense that we provide
an explicit form of the observables in terms of the color charge densities of the incoming
hadrons (nuclei). It is not necessary in our approach to solve dynamical equations of motion
in order to find the outgoing classical color fields, as is required by the procedure of [20].
All that is necessary is to average a function of the incoming charge densities (albeit a
complicated one) over the initial probability distribution. The element of averaging over
the initial distributions is also present in the formalism of [20].

We also derive a set of subleading corrections to the double inclusive and multi-gluon
amplitudes, which exhibit short range rapidity correlations between the gluons in the final
state. These correlations are formally subleading in a, and are therefore not present in
the analysis of [20]. In our approach these terms are however under control. Since our
derivation of the multi-gluon observables is closely linked with the derivation of Hrpr we are
able to show quite generally that the expression for Hrpr derived in [1] necessarily requires
the presence of such short range gluon correlations in the multi-gluon observables. We stress
that these are not correlations due to the evolution between the rapidity of the gluons [12,
14], whose perturbative tail we also see in this calculation, but rather correlations bunching
(or anti-bunching) all emitted gluons inside a rapidity interval of order unity.

Our approach allows us to show immediately that the evolution of multi-gluon ob-
servables with respect to "global” rapidity parameters is given by the RFT Hamiltonian
Hgpr derived in [1]. By ”global” rapidity parameters we mean either the total rapidity of
the process at fixed gluon rapidity, or the rapidity difference between the emitted gluons
and the projectile; or between the emitted gluons and the target; but not the rapidity
differences between the emitted gluons themselves.

Finally we discuss the question to which extent this energy evolution of the multi-gluon
inclusive observables can be approximated by the JIMWLK evolution, as suggested in [20].
Formally it appears that Hrpr can be replaced by Hjpnwrk as long as one considers the
evolution of this set of observables, with corrections to Hymrwirk being suppressed by pow-
ers of a;. However we give an example of a situation where such a formal argument fails, and
thus advise caution on the subject. We believe this question merits further investigation.

We start with recapping the notations and some formulae from [1] which we will need
for our derivations. The next section does not contain any new results and is included
purely in an attempt to make the present paper self-contained in terms of notations and
definitions. All the formulae presented in this section are also found in [1]. Reader who is
familiar with notations and results of [1] can skip directly to section 3.



2 High energy evolution as seen from [1]

2.1 Generalities

We consider a hadronic projectile moving to the right with large energy. We separate the
degrees of freedom of the hadronic wave function into ”valence” - gluons with rapidity
greater than some fixed value, and ”soft” - with rapidities lower than this separation
rapidity. The properties of the valence component of the wave function are characterized
by correlators of the color charge density operator j*(x). The wave function of the hadron
can be written as

¥) = Qfa,al, j] |v) (2.1)

where a and af are soft gluon creation and annihilation operators. The valence state |v)
has no soft gluons and is therefore annihilated by the soft gluon annihilation operators

alv) = 0.
The evolution operator 2 is a unitary operator of the Bogoliubov type
Q=CB. (2.2)

Here C is a coherent operator that creates the ”classical” Weiszacker-Williams field

c— eXp{i\/i/(fT]; b2 (k) /Z—Z [agn.k) + aja(n,—k)]} . (2.3)

and B is a Bogoliubov type operator responsible for the leading quantum corrections. The
rapidity variable is defined as n = In Z—O, and the creation and annihilation operators are

canonical in the rapidity basis
(a2 (n. k), alf (&) = @) 8y - €) >k —p). (2.4)

The Weiszacker-Williams field b (x) depends only on transverse coordinates x and is
a two dimensional pure gauge field:

b = L pobepind g, e (2.5)
g
where fo%¢ are the structure constants of the SU(N) and U% is an SU(N) group element
in the adjoint representation. The Weiszacker-Williams field is related to the valence color
charge density by
0; bj(x) = j*(x) (2.6)

The soft gluon operators a(n) are labeled by rapidity variable n as well as transverse
coordinates (or momenta), color and rotational indices. They populate the rapidity interval
Y equal to the parameter of the boost transformation that brings the wave function of the
hadron from |v) to |¥). We do not denote this cutoff explicitly in most of our formulae and
extend the rapidity integration over 7 to infinity for all quantities for which the integration



converges. The Y dependence is important only for divergent quantities and eventually
this very dependence determines the evolution of physical observables with rapidity.

The explicit form of B is not important here, but its action on the gluon creation and
annihilation operators is linear

Bo = BaaB' = Ongljlas + aglilal, Bl = BalB' = ©4sljlal + ®hglilag  (27)
It turns out to be useful to define separately the matrix

where we have indicated explicitly only the transverse momentum dependences. The trans-
formation matrices ©, ® and N depend on the valence color charge density and where
calculated in [1]. The explicit form of © and ® is not important for us in this paper. The
expression for N is

21 21
—(p[(1=20)[k) — (p|(1 - 2L) 5

e—(E=n) — g1 — 4¢ ?e*(&n) — 2—2265*77 + 7€

N(p,n; k, &) =

L)

(2.9)
where D is the transverse covariant derivative in the background filed b, and the longitudinal
projectors [ and L are defined as

ab _ ala] ab . ab _— mae 1 “ db
I = ?(5 ; L} = D (b) D70 D5”(b) (2.10)
The vacuum of the operator 3 as calculated in [1] is
0)5 = BJ0) = ea T ImA-ATA) o —galAal ) (2.11)
with
A=0"1d. (2.12)

Egs. (2.1), (2.3), (2.11) characterize the wave function of a hadron with rapidity Y.
This hadron, which we call the "projectile” scatters on another hadron- the ”target”. The
target is specified by a distribution of color fields a®. Calculation of many interesting
observables in the scattering process, including multi-gluon inclusive amplitudes, can be
represented as the double average over the projectile and the target wave functions of some
operator O

(0)r = [ Daw?la) O: 0 = (ol = [ DiWToG). (213
Here WF[j] is a weight functionals representing the probability distributions of the projec-
tile color charge j, while W7 [a] is the same for the target fields o.. The rapidity evolution
of this observable is given by Hrpr (2.32) in the following sense [1, 4]

%O = —/Dj W*[j] Hrrr [J', %] Olj]. (2.14)



or equivalently

%W{?[j] = — Hgrr [j, %] Wy [j]. (2.15)

The Hamiltonian Hrpr is formally defined as the expectation value of the unitary operator
R, in the hadronic wave function |W)

) d R
H —| = ———(0|Q[},a,a'] Ry Q[4, a,al 0. 2.1
e [i. 5] = = 019 la.af) By O 0,0}y (2.16)
with A S
R, = e Jadon@ 5 (2.17)
and
-a d77 b a ¢
jsoft(x) =49 %a (77,.%') Tbc a (777‘7:) (218)

The operator R, shifts the valence color charge density by the charge density of the soft
gluons. This reflects the fact that in the boosted wave function not only valence, but also
soft gluons participate in the scattering, and thus the effective color charge density must
include both j and jgof;.

Hgpr was calculated in [1]. To summarize the results of [1] we have to introduce (alas
- at the risk of being repetitive) some additional notations.

2.2 Definitions

First, since the color charge density operators do not commute, we need to keep track of the
ordering in eq. (2.16). As a result we have to define the right and left color charge density
operators Ji and Jy,. The labels refer to their order in the calculation of the matrix element
of O and the Hamiltonian Hgpp. The operator €2 in eq. (2.16) has to be understood as a
function of the right charge operator Jg, while the operator Qf is a function of J;,. This is
important, since observable O generically depends on the color charge density, and in the
calculation of its matrix element in |¥) it always appears sandwiched between Qf and Q.
Defining Jr and Jp, specifies the relative ordering between the color charge operators in the
wave function and those in the observable. As shown in [22], the right and left charge den-
sities are related by the rotation with unitary matrix R (here t is the ordering variable [7])

1 S ab
R%(z) = / dt T ———| . 2.19
The matrix R has the meaning of a scattering matrix of the gluon of the target on the
projectile [22]. As discussed, for example in [23], it can be taken as the basic degree of
freedom of the Reggeon Field Theory. We can then write [22]

gJ;g(x):—gtr{R(x)Ta 0 }; (2.20)

3I3(a) = —gur { TR e b
Ti(a) = [R) Jn@)]"



Accordingly we define two classical fields, br and by.:
a = _é Fabey ] 1] 9, Udel Jg] = _; fach}T%bd 0; U
i = =4 UL 0, U] = — U o U (221)
The matrices ©, & and A also ”bifurcate” into Right and Left quantities.
Ar = A[Jg] = ©7'[J] ®[JR]; Ap = AlJr) = 07 [Jr] @[] (2.22)

It is thus clear that for the purpose of the calculation of the average of any observable
the proper ordering of the factors of the charge density is equivalent to the substitution

of - ol =Bl Q — Qg = CrBr (2.23)

where the subscript L (R) indicates that the respective operator depends on Jy, (Jg). Due
to the presence of the operator R, in eq. (2.16) (and in other similar averages) it turns
out that the Left quantities are always rotated by the matrix R. It is thus convenient to
introduce the barred quantities

QL = éL BL; BL = RLBL, éL = R:;CL f%a. (224)
and accordingly
b¢, = Ri%sh .. AL =R'ALR;, NL=NR (2.25)
Finally we introduce another set of matrices
Ko =007 — @ 87),4; Eop =(207 — 0074 (2.26)
ZE =K 'FE. (2.27)
which satisfy
KET — EKT =0, KK'— EET =1; K'K —ETE*=1; K'E—- ETK* =0;
(2.28)
1 kK, 1 _gTg (2.29)
1-=2F ’ 1-=tz ' '

Above we have omitted the indices L and R. All the barred quantities depend on J7, while
the unbarred ones - on Jr. We will stick to this practice in the following, whenever it does
not lead to confusion.

The matrices K, E and = are the analogs of the Bogoliubov transform eq. (2.7) for
transformation between the operators 3z ( defined by eq. (2.7) with Og, etc.) and 31, (
defined by eq. (2.7) with O, etc.). The matrices K and E, which we will need in the



following have been calculated in [1]

K k,) = i(pl2(1 — 1 = L)RY (I = 1) + (1 =1 = Le)(A = AR)RI(1 ~ 1 = Lo)lk)

1

- (pl(1 =2DRT(1 = 2D)|k
. 1
—i(p|(1 = 2LR) ——F; RY(1—2Lp)|k)
1— =Bef=1 — je

DQ
B(p,ms =k, &) = i{pl2(1 =1 = Lr)RY(1— L)+ (1 —1—Lr)(A - AD)R(1 —1 - Lp)|k)

1

—(p|(1 —2)RT(1 -2
R (p|(1 = 2R (1 - 21) k)
: 1
—i(p|(1 — 2Lg)——F;——RT(1 = 2L)|k) (2.30)
14 FEetn
with
D = R' Dy R; A = RTALR. (2.31)

In eq. (2.30) A is an operator in the transverse space, which we do not specify, since it
does not appear in the following, Dr and Dy are transverse covariant derivatives in the
background fields br and by, respectively, and longitudinal projectors Ly are defined as
in eq. (2.10). In eq. (2.30) all Dg are ordered to the left of Dy,

2.3 HRFT

The result of [1] for Hrpr to leading order in oy in the concise matrix notation is

HRFT = %{ / [b(l‘) - B(ZC)] /5 ¢ NT(nax7£ay) K_l(gay;)‘az) N()\,Z;C,U) [b(u) - b(u)]
JriTr In (KKT)}|y_O. (2.32)

The Tr In term in this expression is subleading in ag and will not be considered any
further. While b is independent of rapidity, both N and K depend on rapidity differences
only. Introducing

Ny (z,y) = / N@mu9=-1-1 (2.33)
.

which will reappear in the next section and performing the rapidity integrations the result
for the first term in eq. (2.32) can be recast in the form

1
Hypr = — [brR" —by] (1—1—Lp) (2.34)

X [(1 —2)R(1 —21) + (1 — 2Lg)R'(1 — 2L}) o (1—1—Lg)[br — R'by).



Reinstating explicitly transverse coordinate dependences this reads

Hor = o [ (o) R0 = (o) a2
x [0 + U] (@) U ()] KTz, 2) [cm 0 _12)2 pyt ‘é)i(;); 2)1]
x [0% + [UR) Ur@))™| Ba(y) — B () bl (0)] (2.35)
with
o) = g [ | e -2 oo -
R + [0 Unte) B U] Uilo)] (2.36)

With all the definitions in place we can now proceed to calculation of the multi-
gluon spectrum.

3 The amplitudes Q and the scattering amplitude

We will start by rederiving the results of [1] in a slightly more general way which later
will allow us to calculate additional observables. First, we remind the reader the general
formalism of [23], which we will use here. The matrix element eq. (2.16) pertinent to the

calculation of Hrpr can be represented, using the optical theorem as

(0]1 = QT R, QJ0) = =(0](1 — QT Rl Q) (1 —Qf R, Q)|0). (3.1)

1
2
This assumes that the amplitude is real, which in our case can be verified directly by
examining eq. (2.34). Introducing the complete basis of intermediate states and defining
the amplitudes

Qn(ziym) = (x1,m;. 520, nn|(1 — of I:ZA 2)|0) = (n] Qf Q/0) (3.2)
we can write
1 d & " ;
Hrrr = 5 v D[ Ty [dagdn] Qf (i) Qu(wimi) |y=o - (3.3)
n=1

As explained in [23], the amplitudes @Q,, has the meaning of emission amplitudes of n gluons
in one step of evolution. The knowledge of @, in principle allows one to construct also
exclusive observables, for example constraining the number of particles produced in the
final state. In the next section we will use @),, to calculate single and double inclusive
gluon production.

Our aim is to write the expression for @, in the normal ordered form, so that the
amplitudes can be easily read off.

Qr Qo) = BicteBlo) = B ¢V20-D(ata) BRI BIO) . (3.4)



where

V3(h—b)(a+a) = \/i/d%[z‘;g(x) ()] /Z—Z{ag(x,n)mf(x,n)]. (3.5)

For the first factor, using the fact that B is the Bogoliubov operator with the action similar
to eq. (2.7) with ©, ® — O, ® we have

BleivV2-b)(atah) g _ iv2B-)(Nta+NTal) _ ,~(b-b)NIN(G-b) ,ivE(b-b)NTal iv2(H-b)NTa
(3.6)
The state Bf B|0) is the vacuum of the operator
f=B"BaBB = Ka+Ea'; (3.7)
with K and E defined in eq. (2.26). Comparing eq. (3.7) with eq. (2.7), we can use eq. (2.11)
with the substitution A — = to write
BTB|0> _ eiTrln(leTE) eféaTEaT|0> ) (38)

Now using the fact that the annihilation operator can be represented as a = % we can

write

[1]

ei\/ﬁ(?)*b) NTaef%aTEaT|O> 6_% (af+i\/§(l;—b) NT) (aT+i\/§(5—b) Nf)|0> ] (39)

And so, finally the normal ordered form is

QTQM _ e%Trln(l—ETE)ef(be)[NTNfNJfEN*](be)ei\/i(éfb)[NTfoE]afe—%a*Ea*‘O>. (3.10)

Using the relations eqs. (2.28), (2.27) and the definition of = in terms of ©,®,0, ® it is
straightforward to show

N = KN — EN*; N=K'N+ETN*. (3.11)
Thus we can rewrite eq. (3.10) as

Qfmm — e~ i TrIn(KTK) ,— (-0 NTK™'N (b-b) iv2al K" N (b-b) ,— 5al Zdl 0). (3.12)

Taking the overlap of eq. (3.12) with the vacuum ({0|Q7Q|0)) we reproduce the result
of [1] eq. (2.32), while the last two factors in eq. (3.12) allow us to calculate @, in a
straightforward manner.

Scattering amplitude once again. Before moving on to discussion of inclusive gluon
spectrum, we rederive the expression for the scattering amplitude and for the RFT Hamil-
tonian using eq. (3.3). This will explicitly establish the equivalence of the two approaches
and will also serve as a consistency check on our expressions for the amplitudes Q,,. Ac-
cording to eq. (3.3) we need to extract the term linear in Y from the sum of squares of the
amplitudes @, integrated over the transverse coordinates and rapidities. The amplitudes
@, are obtained by expanding the exponent in eq. (3.12) to appropriate order. In general
therefore the calculation will involve expressions of the type

0 [(6—b) Nt K1 aJ™ [a =t o) [af K-1N (B - b)]! [af Zal]"|0). (3.13)



Here m, n, [, k are some integer powers to be summed over. For the purpose of the present
discussion we will think of the matrix Z(§ — 1) as short range in rapidity space. Although
this is not really the case, as discussed in detail in [1], the nonlocal in rapidity terms have to
be subtracted from the final result, since they lead to higher powers of Y. Recall that the
field b — b does not depend on rapidity. Thus after contracting all a’s with a'’s in eq. (3.13)
we will generate expressions of two types and their products (for simplicity of notation we
drop in this schematic discussion the factors of N K ~! which accompany powers of (b— b))

(b—b) /6 = 2% (n,€) (b —b); Tr[Er 5] . (3.14)
n

It is easy to see that each one of these terms is of order Y. Thus we only need to consider
contractions in eq. (3.13) that lead to appearance of only one such ”connected” term,
rather than product of two or more - the ”disconnected” graphs . This has an immediate
consequence that only terms of order (b—b)? have to be kept. Higher powers of b necessarily
lead to disconnected graphs and thus necessarily to higher powers of Y. On the other hand,
the terms which do not contain any powers of b are suppressed by a power of coupling
constant ag. Thus we are lead to the conclusion that the only terms that contribute to
Hypr are connected contractions of order (5 — b)2. With this in mind the calculation
becomes straightforward.
Let us consider odd and even n’s separately.

V2

2nn

Qonir = i (—1)" = (n|[a’ KN (b—b)] [al Zal]” |0) . (3.15)
Then
/dwz‘ dn; Qb 1 (2,1) Qansa () = 2(b—b) NT KT [E ET]n KT'N(b-b). (3.16)

Thus

> Qb Qoosr = 2(0-b) NTKT!

n=0

ﬁK*lN(z‘;—b) = 2(b—b) NT N (b—b) (3.17)

(=
[1]

where we have used eq. (2.29). For even n we have

Qo = (1)
So

o ml2n [ kN @] [ar=al] 4 [arzal] ). sy

_ n—1 _
/ didi QS (2,1)Qan(z, 1) = [(b—b)NTK_lTET {EET} K~'N(b—1b) +h.c} . (3.19)
Thus

o0 3 1 -
> Q1 Q2 = [(b - b)NTK—lTETmK—lN(b —b) (3.20)
n=1 =

—

_ 1 _
+ (b — b)NTK_”mEK_l*N*(b — b)]

- [(B—b)NTK—lTETN(B—b) + (b—b) Nt EK~1* N* (B—b)] .

,10,



Altogether
i@LQn — (b—1b) [QNTN + NTK'TEIN + NTEK—l*N*] B-b). (3.21)
n=1

Finally using eq. (3.11) it can be recast in the form
iQILQn — (b—b) [NTK—lN the|l (b—b) =20-b)NTKING-b) (3.22)

n=1

which reproduces Hrpr - the first term in eq. (2.32).
We note without proof, that were we to keep also subleading in «; terms in Q;ann
we would also reproduce the second term in eq. (2.32).

4 Inclusive gluon production

4.1 Single gluon inclusive production

We now turn to derivation of the amplitude dn(n, k)/dn for inclusively produce gluon with
rapidity 7 and transverse momentum k. Here we follow the approach of [13, 14].
The single gluon inclusive amplitude is defined as

%:’;ki) = /DjDSWP[j] Oy(k,m) WT[S] (4.1)

with the gluon operator to be measured in the collision

1 ot ) ta . -
Og(kn) = 5 (012" 5T a]*(n. k) af (n. k) QT $020)
= o [ MEV 0TSt ey atny) OT000). (42)
T Jzy

The state |0) as before is the vacuum of the soft gluon Hilbert space. The operator S
here is the second quantized S-matrix operator, which acts as a color rotation on the gluon
creation and annihilation operators as well as on the color charge density in the operator QF

STa%(z) S = S%(z)d®(z); STj%z) S = 89%(x) jb(x). (4.3)

The unitary matrix S(z) is the scattering matrix of a single gluon in the color field of the
target. The target average in eq. (4.2) amounts to integrating over S(x) with a weight
function determined by the wave function of the target [13, 14].

The definition eq. (4.2) involves objects almost identical to the amplitudes @,, discussed
above. In fact the operator Qf Q becomes identical to the operator s upon substitution
R — §. The operator O, is computed in the appendix by acting with 2 directly on fields a.
Here we will use a different procedure which makes clear the connection to the calculation
of Hrpr in the previous section. Inserting resolution of identity in eq. (4.2) we can write

1 G ik(a:—y)/ 1 n—1 32 T
Og(kan) o Z /;ye (27‘(’)"_1 i=1 d Zldnann[S7 2277727'7;777]QTL[S7 2277727y777]
(4.4)
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where @Q,,[S] is obtained from the amplitude @,, by substituting S for R. In the rest of
this section we will simply use @,, to denote the amplitudes that enters eq. (4.4), but will
keep in mind that they are related to the amplitudes used in the previous subsection by
the aforementioned substitution. Note that now (), are operators on the target Hilbert
space and thus the averaging over the target as in eq. (4.1) is necessary.

The expression in eq. (4.4) can be calculated using egs. (3.16), (3.19). In practical
terms we have to cut one index linking one of the Z’s and =7 (or = and b — b etc.) in
eq. (3.16) and eq. (3.19) and take the free transverse coordinate of = equal to z, while that
of = equal to y. Each term can be cut in n possible positions, and all those cuts have to

be summed over. Thus for odd n we obtain

o0

/d (2n + 1)Q§n+1(2i7niaxan) Q2n+1(2i777i7y777) =
n:O Zi5Mi

= 22 [Z (b —b)NI K== =2 K IN (b - b)
m=0

n—1

+> (b -b N[ K EE"E, S EE T KT IN (b - b)
m=0
=20b-b)NI K1 — 227 1 - == KN (B - b)

+2(b—b)NT KT —==f g, =1 - 22K~ IN, (b - b)
= 2(b—b)NI K, ,KIN (b—b)+ (b-bNIE, ,ETN,(b—b) (4.5)

where we have used a shorthand notation ,Ab = fy A(z,y)b(y); bA, = [ b(x)A(z,y).
For even n we obtain

Z/ 2n QQn Ziy Miy Ty "7) Q2n(zza"72ay 77) =
Zi i

—Z

Z b—b)NT KT ElE=lm 22" ™K' Ny (b—b)

+ Z G-b)NT KT =tz 2t KN, (b—b) + he(z — y)]

m=0

= [(b ~)NT KT -2zt 21 -22) KN, (b-b)

+b—-b)NTKT11—=tg ! Bl -228 'K 'N, (b—b) + he(z — y)]

T Y
=20-b) N E; ,KIN, (b—b) +2(b—b) N E, , K" Nt (b—b) (4.6)
Adding egs. (4.5) and (4.6) and using eq. (3.11) it is now straightforward to show that
1 -
Oylk,n] = = tk@=v) (p—b)NT N, (b—1b
] ﬂ/ (b—b) N LN (b—b)
1

= —/ eF @) (b —bp 8T (1 =1~ Lp), »(1 —1— L) (b, — Sbg). (4.7)
T Jay

)
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Note that the gluon emission operator O, is independent of the rapidity of the gluon 7, as
it should be for a boost invariant plateau.

As a corollary we note that integrating eq. (4.7) over the transverse momentum we
obtain the expression for total multiplicity

dn 1
p ( (b —brST)[1—1—Lp+ Lyl +1L](by, — Sbr) )js- (4.8)

This generalizes the results of [9] for the inclusive gluon spectrum in p-A scattering.
We can check explicitly that in the KLWMIJ limit eq. (4.7) indeed reduces to the known

result of [9-11, 13]. In the limit of dilute projectile as before we take

' 1 o (v —2)i . 1 2 (T = 2)i qab b
Ly —1 bi(z) — %/d ija(z), 7i(z) — o | @ ZWSG 77 (z).
(4.9)
In this limit then the two factors 1 — 2] = §% — 2%’? cancel against each other. We then
obtain
dn(n’k) _ L ik(z—y) /b ab _ qab (y_z)i (.Z‘—Z)i ac(z\ _ Qac 3\ .
d77 - 47_(_3 m,y,z,ge (] (Z) [S (Z) S (y)] (y - 2)2 (ZE . 2)2 [S (Z) S (:C)]j (Z)>]7S

(4.10)
which is the known result [9, 11, 13].

Recently single inclusive gluon spectrum in nucleus-nucleus collision was discussed
in [20]. Although the setup of [20] is somewhat different from ours, it is possible to establish
close correspondence between the two approaches. The procedure of [20] is the following,.
The single gluon inclusive spectrum is defined as

%Z;k) - / A ) A ) ) (4.11)

T
where A is the solution of classical Yang-Mills equations of motion with initial condition
corresponding to colliding sheets of color charge density (nuclei) [24]. The solution should
be taken at asymptotically large time after the collision. The averaging is then done over
initial conditions with separate weight functions for the projectile and target color charge
distributions. This procedure is somewhat implicit since the classical field A has to be
found by numerical solution of the classical equations.

Comparing this to our result, we see that eq. (4.7) indeed ”‘feels”’ like the classical
field. The expression

A= Ny (b—b) = (1—-1—Ly) [by — Sbg] . (4.12)

plays the role of the classical field at asymptotically large times after the collision. With
this identification our formula becomes very similar to that of [20] except for the fact that
our expression is rather more explicit. To evaluate eq. (4.7) there is no need to solve
dynamical equations of motions, but rather only to solve the static classical equations at
early time, which express the classical field b in terms of the color charge density j. In fact
it may be possible to avoid this step altogether if one can write down directly a weight
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function for b as advocated in the fourth paper in [4]. This is an interesting question and
we intend to come back to it in the future.
We also mention, that an expression for %’;’M was suggested in [17]. The averaging
over the target and projectile weight functionals was performed in [17] using the McLerran-
Venugopalan model [25]. Since we are still not at the point where we can calculate the
average of the expression (4.7), we cannot compare our result with the suggestion of [17].
Ref. [20] also discusses the evolution of the single gluon spectrum with energy. We
have so far discussed only the explicit form of the observable itself. The evolution in our
approach however is very straightforward to understand. We will discuss this later on in

this section.

4.2 Double and multi gluon inclusive amplitudes

The same strategy can be used to calculate the double inclusive cross section as well as
higher gluon number correlations. In this paper we only consider multi gluon observables
where all the counted gluons have rapidities not too far away from each other, so that it is
not necessary to consider rapidity evolution between them. The double gluon cross section
for two gluons with rapidities n and & and transverse momenta k and p is defined as

dn(n,k; €, p) 1 . . ) )
dn dé¢ (272 (0] QT STQal"(n, k) al(n, k) al*(&,p) af (&, p) QT SQ0)), s
— 1 2/ eik(:vff)ﬂp(y*?)<<0’QT§TQaI“(777x)a?(n,f)a;f“(é“,y)a?(&g)QTS‘Q’o»jﬁ
2m)* J w599

o 1
ik(z—%)+1ip(y—7) /7H7‘_2d2 i dn; -1
e 5 1= zidn; n(n )

x (QN(S3 2y mi3 2,1, 9, €) Qu(S; 2015 8,0, 5,€) )5 - (4.13)

The calculation is straightforward albeit fairly long. The leading contribution to the double
inclusive amplitude is obviously O(%) The result for this contribution is

UBED) _ [ ey ([G- ], VL6 0)] [0 N, 86— )]s
(2,7:y,7)

dn d§ o2
1 1k(x—x)+1 -y
= g)e Ma=2)+ww=9)([b;, — brST) (1 —1— L) +(1 — 1 — Lg)(br, — Sbg)] x
[br —brSTY(1 —1—Lg)y (1 —1—Lg)(br — Sbr)])j.s -
(4.14)

This again is the ”classical” contribution. It is ”disconnected” in the sense that it does
not depend on either rapidity n or £ and as an operator on the valence and target Hilbert
spaces, is equal to the square of the single inclusive amplitude O;. This result immediately
generalizes to multi-gluon inclusive amplitudes defined as

dn(ni, ki;... 0,
dny ...dn,

Fn) _ / Dj DSWE[ To(krs . s, 1) WTS) (4.15)

with
1
2m)n

(011 S1Qal" (1, k1)ad (n1, k1) - .. @l (0, ken)al (1, k)2 SQY0) .
(4.16)

Fn(kl,kn,m,nn)z (
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Similarly to the double gluon case, I';, can be expressed in terms of @Q),,:

[e.e]

1 4 - , - 1 n!
Calr, i) = s > [ cthmesibn e [ LI
" " " (27T)n Tnz: L1,T1 L, Ty (27T)m_n m'

=n

XHZZEH d2zi d77z Q;rn(sv ZisTis L1, My - - -y Ty 77n) Qm(s, ZiyMis T1, My - - - 5 T, 77n) .
To leading order in the coupling constant
Co(kry s ks o) — TEO(ky, .o kn) = Og(ky) ... Oy(ky) (4.17)

or equivalently

dn(kl,...,kn) - 1

/ ehr (@ =)t tihn (@0 =20 ([ A(21) - A(71)] .. [A(2n) - A@0)] )8
(21,150, Tn)

(4.18)
with the ”classical field” A defined in eq. (4.12). Thus all these observables have the same
structure as discussed in [20] with the identification of the classical field at asymptoticaly

dny ...dny, "

late times given by eq. (4.12). All these leading order contributions do not depend on the
rapidities of emitted gluons, since the gluons in leading order are emitted independently.
This is the same as in the leading order BFKL calculations [26]. This of course does not
mean that the multi-gluon amplitude is simply the product of single gluon ones

dn(ky, ... kn) y dn(ky) N dn (k) .

. 4.19
dny ...dn, dm dny ( )

It is the averaging over the projectile valence and the target Hilbert spaces that breaks the
factorization, even though the equality holds on the level of operators eq. (4.17).

Beyond the leading order things become more interesting. In particular the indepen-
dence of rapidity does not hold anymore. We will only consider here the double inclusive
gluon amplitude in detail. The calculation for multi-gluon inclusive is very similar and not
more illuminating. At order O(ais) the double inclusive amplitude has a contribution with
a nontrivial dependence on the rapidity difference n — £. This is the new feature of our
calculation which is not present neither in KLWMIJ nor in JIMWLK limits. It also has
not been considered in [20], as it is formally the next to leading order contribution. Similar
correlations, however, arise in the BFKL at NLO.

To calculate the correlated contribution we return to the definition eq. (4.13). The
mechanics of the calculation is very similar to the single gluon inclusive amplitude. We
have to cut two links between Z’s and Z’s in eq. (3.16) and eq. (3.19), and settle the
cut links with the free transverse coordinates and rapidities of the counted gluons. This
generates terms of O(1/a?), O(1/as) and O(1). The former terms add up to the result
quoted in eq. (4.14). Terms of O(1) we neglect and concentrate on the terms O(1/ay). Some
of the terms in the resulting expression do not depend on the rapidities of the gluons. We
do not have control over this type of terms. The reason is the following. As we have
discussed in [1] we have not been careful with the subleading terms in Hrpr related to
relative ordering between b and A. The terms arising from a change of ordering would lead
to a ”virtual correction” to the classical field b of order b ~ O(g). These terms would
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also be present in the expression for @),, and thus would give contribution to our present
calculation at O(1/as). However the structure of these terms is clearly the same as that
of the leading O(1/a?) terms, and thus will not depend on rapidity.

We conclude that at present we do not have control over rapidity independent terms
in O(1/as) but can unambiguously calculate the rapidity dependent terms to this order.
We note that there is nothing that fundamentally prevents us from treating the ordering
more carefully and thus calculating all subleading terms in the nucleus-nucleus scattering
case. We choose not to do so in this paper since it is a separate question and deserves a
careful treatment in its own right.

We thus concentrate on the terms depending on the rapidity difference n — £. In
principle therefore we should be calculating %’ but rather than taking an extra
derivative we will simply subtract any term we get which does no depend on n — &. A
straightforward calculation along the lines described above gives:

dn(n, k; §,p)‘ o= 1 oik(@—2) +ip(y—7)
d’)’ldf correlatet 27T2 (

< (|(b—b)NT (ETE),

x,Z3Y,7)
mge) yNLO = 0) + (b= b)NT (B'E) ¢z o+ NL(b— D)

—|—(l_) — b)Nj_j(KTE)($77];y7f) 7] 1(6 —b)+ (Z_’ - b)me(ETK)(fW;?%E) le(
( b IE(KTE)(y,g;:B,n) Y j_(g - b) + (6 - b)me(ETK)(Q,g;i,n) yNJ_(B - b) >]}S .
(4.20)

j=all
|
=
~—

We stress again, that all expressions in this equation and below depend on the single gluon
scattering matrix S, rather than the matrix R.

To simplify this expression further we note that the integral of N over rapidity is
real, and therefore N*(b —b) = N(b —b). Further we note that the matrix E is pure
imaginary. Finally we have to remember that the operator in eq. (4.20) has to be averaged
over the projectile and target wave functions. We will assume that the averaging weights
are rotationally invariant, and thus the result must be invariant under £k — —k; p — —p,
which is equivalent to (Z,y — x,y). Under this assumption eq. (4.20) becomes

dn ’k; ) 1 ik(z—2)+ip(y—y
%korrelated = ﬁ (2.72.9) ek( )+ipy=7) (421)
T,23Y,Y
X < (6 - b)NJT_;i[ETE](x,n;g,f) yNJ_(B - b) + b)NJT_g(ETE)(y,{;E,n) acNJ_(B - b)

(b~
+(b— b)NLﬁ[ET(K = Ky, gNL(b = D)
+(b— b)NLE[ET(K = K9]y wm) gNL(b— b)] )i.s -

We further note that the operators ETE and ET(K — K*) are both Hermitian and real,
and therefore symmetric. Thus we finally get

dn(n, k; &, p) 1 / k() +ip(y—7)
7 7~ lcorrelated — o et 4.22
dpdg o =3 .

$([6= DN B Bl ey o1 (5= 0)+ 0= DNLBT (K = K"V 9N2(0— )] Jis
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To get a more explicit expression we first note the following two integrals

B A

2¢ " +1 [EeAn
B

A

1 }—Fcl (4.23)

1 1
/5 1+ Aen€ 1+ Ber¢

1
2
1 1 1 BeAdn_1 B
/ [ X — + X —| = geiln [—e)‘_"] + s
¢ 1+ Aen=¢ [1 - BerS+ie 11— Ber ¢ —ie Ber—n 41 A

The terms €7 and Co do not depend on the rapidity difference n — A. They are both

formally logarithmically divergent when the integration over £ is unrestricted. They do
depend in principle on n + X. The dependence on the sum of rapidities however, is simply
part of the evolution of this observable in the rapidity difference between the projectile and
the measured gluons. We will discuss this evolution in the next subsection, but are not
interested in it for the current discussion. We thus will drop the terms C7 and C5 in the
following since they do not depend on the rapidity difference. We next use these integrals
to calculate the products of matrices E and K that enter eq. (4.21):

B B iy ) = (2 |7)\ A =n)ly) (4.24)
D2
1 a1 [ D2
— —(z|(1-2D)S(1—21)(1— 2LR)QC%1n[—§eA—"}ST(1—2LL)yy>
2 %GA_W—l D
Dhenri1 rp2,
—%<m\(1—2LL)SW7A1n[D2e’7 A](1 2LR)(1—20)ST(1-20)|y)
A1
i “n 1
[l <ol St (4:25)
— (z|(1-20)S(1—-20)(1— 2LR)D271n [—12‘36“7] ST(1—2Lp)|y)
EeAn41
D} n—AXA 2
=Le -1 D
_ <g;|(1—2LL)Sf£n7mln[D—§e’7)‘] (1=2Lp)(1-20)ST (1-20)]y) .
(&
D2

There clearly is a nontrivial dependence on the rapidity difference in these expressions.
Interestingly enough this dependence does not disappear even when the rapidities are far
from each other. At large values of rapidity difference A — n we have

Q[ETE]($,n;y,A)||>\—n\>>1 = ET(K - K*) |\)\—n|>>1 (4'26)
(z,my,\)

(2|2 — (1 —20)S(1 —21)(1 — 2LR)ST(1 — 2Lz)
—(1=2L)S(1 = 2Lg)(1 = 20)ST(1 = 20)[y)|x — 7] .

Thus we find that the rapidity correlation between the two gluons in the next to leading
order does not disappear at large rapidities. Obviously we cannot use these expressions
when the rapidity difference is too large, since then we have to take into account the
rapidity evolution between n and A. Still  — A can be taken parametrically of order one,
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but numerically greater than one. In this regime our calculation should be valid and the
effect is visible.

It would be very interesting to understand the physics of the appearance of these
correlations and their possible implications. It is rather clear that we should understand
some of these terms as the first correction due to the rapidity evolution between n and A,
which indeed should be a formally subleading correction to the leading result eq. (4.20).
At the moment we cannot make any further comments on the subject and leave it as a
question well worth studying.

We note however, that not all the terms in eq. (4.24) can be attributed to the evolution.
Some of them, when integrated over rapidity, contribute directly to the leading order
RFT Hamiltonian. The Hamiltonian can be represented in terms of the inclusive gluon
amplitudes I';, in the manner analogous to the representation in terms of amplitudes @,

(=" d

HRFT - 2021 nl W (i) Fn(kly---7kn77717---77n)’Y:0' (427)

This picks out the linear in Y piece in the integral of I',, including of course I's, over
rapidities. Such a contribution does not come from the leading order piece, which is clearly
proportional to Y2 (for I'y) nor from the n — & > 1 integration region of eq. (4.21), since it
is proportional to Y3 (see eq. (4.26)). However integrating eq. (4.21) over the two rapidities
one will also pick a contribution proportional to first power of Y from the region n — ¢ ~ 1
where the two gluons are locally correlated in rapidity over and above the long range linear
rapidity correlation explicit in eq. (4.26). Thus for small rapidity differences eq. (4.21)
contains local physical effects not related to the rapidity evolution between 7 and &.

Quite generally existence of such short range correlations can be inferred from the
structure of our calculation of Hrpr. Recall that Hrpr is obtained by taking the (sum
of the) squares of exclusive n-gluon production amplitudes @, integrating them over the
rapidities of all the gluons, and picking the piece of the integral that is linear in the length
of the total rapidity interval Y. Such a linear in Y piece naturally arises from the integral of
QIQl, since only one rapidity variable is integrated over. However for QILQn with n > 1 the
only way such a linear piece can arise is if there is finite excess (or depletion) of probability
for all n gluons to be correlated in rapidity within a finite interval ny ~ no ~ ... ~ 1, over a
totally uncorrelated situation. Since as we have seen earlier all QILQn with n > 1 contribute
to Hrpr, it means that such short range correlations are indeed present. Eq. (4.21) is just
a specific example of this correlation.

We have not attempted to study these local correlations in any detail. It is tempting
to speculate, however, that they lead to anti-bunching, rather than bunching, thereby
depleting the probability to emit several gluons close to each other in rapidity. This would
then impose sort of a ”rapidity veto”. Such an effect appears in the next to leading order
perturbative approaches [28] and has been used in the framework of the nonlinear high
energy evolution to emulate energy conservation [29]. It would be interesting if the inclusion
of Pomeron loop effects discussed here and in [1] implements such a veto automatically.

We also note that extending our results to include evolution between the rapidities of
the observed gluons, along the lines of [14] is fairly straightforward and we plan to address
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this question in near future. It would be very interesting to compare this to the approach
of the last paper in [20].

4.3 Evolution with rapidity

As we have already stated, we are not going to discuss the evolution with respect to rapidity
differences between the counted gluons. On the other hand the evolution with respect to
the total energy is covered by our present derivation in a trivial manner. All the multi-gluon
observables discussed so far have the form (4.1)

O(y,Y) = (0(,9))is = /[dj][dS] Wy li] OG5, 5) Wy_,[S] (4.28)

where O(j,5) = I'), and WyP is the weight functional for averaging over the projectile
degrees of freedom, while ngy is the same for target degrees of freedom. The total rapidity
of the process is Y and the gluons are measured at rapidity y away from the projectile.
This expression automatically has a factorized structure discussed in [20], independently
whether the scattering objects are nuclei or dipoles. One can of course ask how does this
observable evolve with any of the two rapidity variables it depends on: y or Y — y; or in
fact with Y at fixed y or Y — y. The answer to this question is straightforward given that
we know the evolution of the weight function W7 derived in the previous section. Thus
for example the evolution with respect y at fixed Y — y is given by

0 = ) . .
5506 Y ~ully—y = — [ 16148 [Huer U, R WS15)] 0G.5) WE,[5) (420)
with Hrpr given in eq. (2.34). We have not derived directly the evolution of the target
weight functional. However as was shown in [7, 27|, Lorenz invariance requires the target
weight function to evolve with the dual Hamiltonian Hrpr|[Rg, S| where Rg is to S, what
R is to U. Namely

1 ! 5
Ta _— = rabc 5 gfbd 5 ¢dc. — c
Jj = p f€0; ST 0; 5% Rs(x) P exp{g/0 at T 57T (1) +. (4.30)

where jT is the color charge density of the target. Using this we can write the evolution
with respect to Y at fixed y as

0 . . .
57 0w ~u)l, = — [(aas) WYl 06.5) [Huwrlrs, SWE (8]  (431)
It was also shown in [27] that the complete Hrpr must be self dual, namely Hgrpr[U, R] =
Hgpr[R,U]. We have not verified explicitly that Hgrpr of eq. (2.34) satisfies the property
of self duality. As noted in [1], the technical issue that has to be resolved before we can
address this question is the duality transformation properties of Uy. This is an interesting
question which we plan to address in future. Assuming self duality of Hrpr, eq. (4.31) can
be also written as

9

5 0w.Y vl = — [1d7]ds) WF'l7) 0G,S) [HuwnlS, R WE[8]  (132)
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Combining eqgs. (4.29) and (4.31) one can also write evolution equation with respect to
other combinations of y and Y. Thus if we want to follow the evolution of O with rapidity
y keeping the total rapidity fixed we have

5500 =ply = [lajlas) {[HRFT[U, RIWL1] 0G.8) Wi, [s)

- W, il 0, 5) [HRFT[S, Rg] WE_y[S]}} (4.33)

The factorized structure of this evolution is the same as discussed earlier for dipole-nucleus
scattering in [9, 14] and nucleus-nucleus scattering in [20]. It is rather universal, and one
might even say trivial. It does not depend on the nature of colliding objects and, by
definition, is the generic property of any observable that can be represented in the form
eq. (4.28). Of course, not any observable has this representation. Examples to the contrary
are diffractive observables or observables nonlocal in rapidity [13, 14].

The details of the evolution on the other hand depend on the situation. In the dipole-
nucleus scattering [9, 14] one does not have to keep the full Hgrpr in the evolution equation.
Instead the Hamiltonian which acts on the projectile weight function can be taken as
Hyxrwwisj, R]. In the nucleus-nucleus scattering, according to [20] the full Hamiltonian
reduces to Hynywrk[U,0/907]. The natural question in this context is, does our formula
eq. (4.33) allow to truncate Hrpr to the JIMWLK form when considering multi-gluon
production in nucleus-nucleus scattering. We will discuss this question along with some
other points in the next section.

5 Discussion

The main result of the present paper is the explicit expression for the single gluon and
multi-gluon production amplitudes which include Pomeron loop effects. To summarize, in
the leading order in ag, the n-gluon production amplitude is given by a ”semiclassical”
expression

dnk,...,kn 1 iki(x1—Z1)+...+ikn(xn—Tn 7 T
_d(vh—l. i, - o /< e @1 =)ttt @ =) (A1) - A@1)] - [Alwn) - AEn)]) s
(5.1)

where the ”classical field” A is an explicit function of the projectile and target fields

yE15e T, T

A= NGB-b) = (1—1—Lyp) [br — Sbg] . (5.2)

This result reproduces the known expressions for the ”dipole-nucleus” scattering. It has
the same general structure as the expression for nucleus-nucleus scattering of [20]. The im-
portant difference between our result and the expressions in [20] is that our expressions for
the observables are explicit functions of the projectile and target fields, while the procedure
of [20] involves further numerical solution of dynamical equations of motion to determine
the Yang-Mills fields at asymptotically late times. In this respect our expression eq. (5.2)
is the explicit solution of the classical equations of motion, needed to apply the formalism

,20,



of [20]. It would indeed be very interesting to check explicitly by numerical simulation
whether the numerical solution of Yang-Mills equations after the collision does reproduce
eq. (5.2). We believe this should be the case, once the difference between the gauge fixing
conditions used in [20] and in the present paper is accounted for. We note in this connection
that the eikonal approximation in the symmetric gauge/frame does indeed lead to solution
of classical equations as the leading perturbative contribution [30]. Thus we believe that
our use of the eikonal approximation does not make the accuracy of our approach different
from that of [20].

We have also shown that two - and higher gluon amplitudes have subleading correlated
pieces where all gluons at adjacent rapidities are emitted in a correlated way. As we have
discussed above, the logarithmic part of this correlation is likely to be the first correction
due to the rapidity evolution between the emitted gluons, while the short range correlation,
with the correlation length of order unity, is not an evolution effect. These are gluons
that upon integration over rapidity contribute directly to Hrpr. We suspect that these
correlations are in fact negative, and thus manifest themselves as a sort of rapidity veto
due to the Pomeron loop effects.

Finally we have shown that the multi-gluon observables evolve with rapidity according
to Hrpr derived in [1]. In this context we again have to discuss the relation of our results
to those of [20]. Ref. [20] discusses the evolution of the single and multi gluon production
amplitudes with rapidity. The rapidity that changes could be either the rapidity of the
measured gluons at fixed total energy (evolution with y at fixed Y'), or the total rapidity of
the process keeping the gluons at mid-rapidity (evolution with ¥ and y so that Y = 2y).
In all cases ref. [20] asserts that the observables should be evolved with the JIMWLK
Hamiltonian. Can we reconcile the two statements? Consider for example the evolution

0 On

o 8_n|y,y - / [dj)[dS] [HRFT[U, RIW,) [j]] Oy (4, S) Wy_,[S] (5.3)

with the observable Oy being the single gluon amplitude Oy = AA (4.2). Since Hgrpr is a
hermitian operator, we can also write

0 On , . .
22y, = - / (@]][aS Wy 1j] | HretlU, B] 0y, $)| W_,18]  (5.4)
Ay In
Let us now consider the question whether we can expand the operator R(z) =
exp{gT 63 } in powers of §/Jj when acting on the observable O4. As is clear from
q- (5.2), the observable Oy is a function of gb and gb only. The fields gb and gb in turn are
functions of gj, as is obvious from the classical equations through which they are defined.
Thus we have 5 ( b s
— = 70y 5.5
55 % 5(05) alah) )

Thus each term in the expansion of R when acting on the operator O, brings a factor of a.
The same argument goes through for any leading order multi-gluon inclusive amplitude.
On the basis of this argument we therefore can conclude that for this particular set of
observables, one can expand the Hamiltonian Hrpr to leading order in 6/0j. As we know,
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the leading order in this expansion is Hjpwirk. Thus, on the face of it, we recover the con-
clusion of [20] - the evolution hamiltonian for these observables can be taken as Hjvwik-

The previous line of argument immediately begs two questions. First, how confident
are we in the robustness of the argument itself. The answer to this question is not com-
pletely clear to us. Although naively the argument looks correct, there are examples of
situations where a similar argument fails. Consider the evolution of the dipole-dipole scat-
tering amplitude using the KLWMIJ kernel. Ignoring the details irrelevant to the present
discussion we can write the evolution equation for the S - matrix as

8 = = [ dida WPl Kwy2)ia (0 = Ry @RI W (50
where K is the kernel appearing in Hxpwwmry ([7]). Since the target is a dipole, the field
a ~ O(g). It then follows by the argument similar to the one given above that when acting
on this observable (e if; (@) alx) ), the R’s in the KLWMIJ Hamiltonian can be expanded to
leading order in §/dj. The leading order expansion is simply the BFKL Hamiltonian. Thus
we would conclude that if the target is a dipole, we can always use the BFKL Hamiltonian
rather than the full KLWMIJ. However we know that this is not the case. The BFKL
Hamiltonian can be used only for evolution to rapidity of order Y ~ 1 ln . Further
evolution with BFKL Hamiltonian violates unitarity of the amplitude, Whlle the full dipole
or KLWMIJ Hamiltonian preserves unitarity. Thus even though the formal argument
about expansion of R at every step of evolution can be made, the cumulative effect of
evolution to large enough rapidity is such that the expanded Hamiltonian misses a very
important physical effect which leads to qualitative change in the evolution. Note that if
the projectile is not a dipole, but rather a "nucleus” - a state with large dipole density in
its wave function, the breakdown of Hgpgki, happens much earlier, at Y ~ C%S.l In this case
we can point out to a distinct physical effect that is missed by the expansion - multiple
scattering corrections due to scattering of more than one dipole of the projectile on the
target. Those corrections are important if the projectile contains many dipoles, even if the
target is dilute. For a dipole projectile multiple scattering corrections become important
later in the evolution, when the dipole wave function becomes dense, while for a nucleus
this happens much earlier. In the case of the evolution of multi-gluon amplitudes in the
nucleus-nucleus scattering discussed above, we do not have similar understanding. Still we
think that one has to take the argument with a grain of salt. It makes perfect sense to
ask how far one can evolve these observables in rapidity without encountering a problem
of missing some important physical effect. We thus would like to advocate caution on this
issue. The problem in our view needs to be studied further.

The second question is this. If the argument is indeed correct, does this mean that we
can ignore the difference between Hjpywik and Hgpp for all observables, and simply not
bother with any of the calculations in [1]? The answer to this is clearly negative. The fact

We do not claim that the nuclear weight function can be evolved with Hxrwwry. Physically of course
this does not make much sense, since the nonlinearities in the wave function are important. We merely
point out that if one does it as a mathematical exercise, the formal argument about expanding R’s breaks
down rather quickly.
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that the evolution simplifies for a certain set of observables, does not mean that it simplifies
for all interesting observables. A simple example of a similar situation is the dipole-nucleus
scattering. In this case the weight function of the projectile dipole W¥[j] evolves according
to Hxrwwry- This evolution is significantly different from Hppgkr,, since as is well known
Hyxpwarg leads to unitarization of the scattering amplitude, while Hgpky, does not. On
the other hand, if we consider a single inclusive gluon amplitude, the observable itself is
quadratic in j (see [9, 13]). Thus when acting on this observable, Hxrwiy and Hppkr
are identical. The fact that one cannot use Hppki, to evolve the weight functional wr [7]
is another way of saying that there are some interesting observables on which the action
of Hkrwwiy and Hppkr, is not equivalent. As mentioned above, one of such observables is
the forward scattering amplitude, which is unitarized by the KLWMIJ evolution but not
by BFKL. Other examples of such observables include various diffractive amplitudes [13]
and also multi-gluon inclusive amplitudes in the case when the rapidity differences between
observed gluons are large and the evolution between them has to be taken into account [14].

We expect the situation to be similar for the case at hand. Clearly, R in Hrpr cannot
be expanded when we calculate the forward scattering amplitude on a nuclear target. In
this case the observable is exp{ija}. When acting on it, R becomes the matrix S, which
is not perturbatively close to unity. Thus expansion is not possible.

We expect that multi-gluon amplitudes with large rapidity differences also do not allow
expansion of R. The observables associated with these amplitudes are calculable and we
hope to present results of this calculation soon. However, we can find a hint that all
derivatives in R are important, by examining the results of the previous section. Consider
the correlated term in the double gluon inclusive amplitude. We expect that the evolution
between the rapidities of the two gluons, when the rapidity difference is large, should be
given by Hgrpr, or at least closely linked to it. On the other hand, as we have discussed
above, the first term in this evolution is likely just the ”long range” part of the rapidity
correlated term eq. (4.22), that is eq. (4.26). Examining eq. (4.26) we see that it is just
the first order expansion of the denominator of Hrpr eq. (2.34) around (1 — 21)RT(1 — 21).
These terms would not depend on S if we were to truncate Hrpr at Hjmnrk, but they
clearly depend on S in eq. (4.26). This suggests that the factors R cannot be expanded
and the complete Hamiltonian Hrpr is important in the evolution of this observable. We
note that the conclusion of ref. [20] is different, namely that Hypwrk is adequate also for
evolution of multi-gluon observables with large rapidity differences. We feel therefore that
the question warrants further study.

Finally we want to mention that it would be very interesting to understand how to
perform the averaging over the valence and target fields. This would allow one to calculate
physical observables like multi-gluon spectra. Omne can in principle use the McLerran-
Venugopalan model [25] to specify the projectile and target weight functionals, at least to
get a qualitative idea about the behavior of the observables. However even then one has
to understand how to calculate correlators of three (dependent) matrix degrees of freedom
Ugr, Ur, S, which is far from trivial. This can certainly be done numerically, but one
would like to be able to understand at least the basics analytically. At the moment this is

an open question.
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A Single gluon inclusive amplitude

In this appendix we rederive the expression for the single gluon inclusive amplitude without
the use of the amplitudes @,,, but instead working directly from the definition.

0, — % (01 QF $1Qal®(n, k) a?(n, k) QT $Q0). (A1)

In the parametric range we are interested in, namely when both the colliding objects carry
fields of order 1/g, we expect the number of produces gluons to be of order 1/a,. We will
calculate the single gluon spectrum only to this order. Let us first of all calculate

QST Qa, QF STQ (A.2)

where now the index « stands for all discrete indices as well as momenta. In this equation
and the following we assume that the rapidity of the gluon operator a(n, k) is in the
infinitesimal rapidity bin created by the operator 2. Thus in practice we are calculating
directly the derivative with respect to rapidity. Recall that

Q=CB. (A.3)

Thus
Qa; Q' = CBa BT CT = C[O45a5 + Papal)] CT . (A.4)

When acting by the operator C we keep in mind that we are only interested in the leading
order contribution. Thus we do not need to worry about the action of the operator C on j
in © and ®. Also recall that

CanCl = ag — V2ib, (A.5)

In this relation we have neglected terms which are themselves of order one, and are propor-
tional to A(z~ = 0). The reason is that we only need to keep terms, which by subsequent
application of another operator C can be shifted by b, thus generating terms of order 1/g.
However A(x~ = 0) commutes with C and thus will not generate such contributions. Thus

to the required order
Qaa Q' = Oupag + Pagal; — V2i(0 — )agbslJ]. (A.6)

The subsequent action of the operator S simply rotates all creation /annihilation operators
as well as all the charge density operators by the single gluon scattering matrix S

S1Qa, Q'S = ©44[ST] Spyay + PaplST] Spyal — V2i NaglST]bs[S ] . (A.7)
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Finally we apply again the transformation with the operator €2. The only relevant part of
this transformation is the action of the operator C. All the rest, as before does not give a

leading order contribution

1510, Q1STQ = V2i0,5[57]S 5,y — V2i®as[ST]Ss,by — V2iNag[STIbg[S ]
= V20 Nag[SJ] {Sﬁ7 b,[J] — bﬁ[SJ]}. (A.8)

A similar relation holds for a'. Collecting this together we obtain for the single gluon

inclusive spectrum

~ 1 . _
Oy = — / h(z=2) {Sb[J;x] —b[SJ;x]} NY[SJ;z, 2| N[SJ; Z,y] {Sb[J; y| —b[SJ; y]}
x,Y,2,2
(A.9)
which is the same as derived in the body of the paper (eq. (4.7)).

References

[1] T. Altinoluk, A. Kovner, M. Lublinsky and J. Peressutti, QCD Reggeon field theory for every
day: pomeron loops included, arXiv:0901.2559 [SPIRES].

[2] V.N. Gribov, A Reggeon diagram technique, Sov. Phys. JETP 26 (1968) 414 [Zh. Eksp. Teor.
Fiz. 53 (1967) 654] [SPIRES];
J. Bartels, High-energy behavior in a nonabelian gauge theory. 1. T(n — m) in the leading
log normal S Approzimation, Nucl. Phys. B 151 (1979) 293 [SPIRES]; Unitarity corrections
to the Lipatov Pomeron and the four gluon operator in deep inelastic scattering in QQCD,
Z. Phys. C 60 (1993) 471 [SPIRES];
J. Bartels and M. Wusthoff, The Triple Regge limit of diffractive dissociation in deep
inelastic scattering, Z. Phys. C 66 (1995) 157 [SPIRES];
J. Bartels and C. Ewerz, Unitarity corrections in high-energy QCD, JHEP 09 (1999) 026
[hep-ph/9908454] [SPIRES];
J. Bartels, L.N. Lipatov and M. Wusthoff, Conformal invariance of the transition vertex
2 — 4 gluons, Nucl. Phys. B 464 (1996) 298 [hep-ph/9509303] [SPIRES];
M.A. Braun and G.P. Vacca, Triple Pomeron vertex in the limit N. — oo,
Eur. Phys. J. C 6 (1999) 147 [hep-ph/9711486] [SPIRES];
M.A. Braun, Nucleus nucleus scattering in perturbative QCD with N. — oo,
Phys. Lett. B 483 (2000) 115 [hep-ph/0003004] [SPIRES].

[3] I. Balitsky, Operator expansion for high-energy scattering, Nucl. Phys. B 463 (1996) 99
[hep-ph/9509348] [SPIRES]; Factorization for high-energy scattering,
Phys. Rev. Lett. 81 (1998) 2024 [hep-ph/9807434] [SPIRES]; Factorization and high-energy
effective action, Phys. Rev. D 60 (1999) 014020 [hep-ph/9812311] [SPIRES].

[4] J. Jalilian-Marian, A. Kovner, A. Leonidov and H. Weigert, The BFKL equation from the
Wilson renormalization group, Nucl. Phys. B 504 (1997) 415 [hep-ph/9701284] [SPIRES];
The Wilson renormalization group for low x physics: towards the high density regime,
Phys. Rev. D 59 (1999) 014014 [hep-ph/9706377] [SPIRES];

J. Jalilian-Marian, A. Kovner and H. Weigert, The Wilson renormalization group for low x
physics: gluon evolution at finite parton density, Phys. Rev. D 59 (1999) 014015
[hep-ph/9709432] [SPIRES];

,25,


http://arxiv.org/abs/0901.2559
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0901.2559
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SPHJA,26,414
http://dx.doi.org/10.1016/0550-3213(79)90441-3
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B151,293
http://dx.doi.org/10.1007/BF01560045
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ZEPYA,C60,471
http://dx.doi.org/10.1007/BF01496591
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ZEPYA,C66,157
http://jhep.sissa.it/stdsearch?paper=09%281999%29026
http://arxiv.org/abs/hep-ph/9908454
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9908454
http://dx.doi.org/10.1016/0550-3213(96)00029-6
http://arxiv.org/abs/hep-ph/9509303
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9509303
http://dx.doi.org/10.1007/s100520050328
http://arxiv.org/abs/hep-ph/9711486
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9711486
http://dx.doi.org/10.1016/S0370-2693(00)00571-2
http://arxiv.org/abs/hep-ph/0003004
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0003004
http://dx.doi.org/10.1016/0550-3213(95)00638-9
http://arxiv.org/abs/hep-ph/9509348
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9509348
http://dx.doi.org/10.1103/PhysRevLett.81.2024
http://arxiv.org/abs/hep-ph/9807434
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9807434
http://dx.doi.org/10.1103/PhysRevD.60.014020
http://arxiv.org/abs/hep-ph/9812311
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9812311
http://dx.doi.org/10.1016/S0550-3213(97)00440-9
http://arxiv.org/abs/hep-ph/9701284
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9701284
http://dx.doi.org/10.1103/PhysRevD.59.014014
http://arxiv.org/abs/hep-ph/9706377
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9706377
http://dx.doi.org/10.1103/PhysRevD.59.014015
http://arxiv.org/abs/hep-ph/9709432
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9709432

A. Kovner and J.G. Milhano, Vector potential versus colour charge density in low-z
evolution, Phys. Rev. D 61 (2000) 014012 [hep-ph/9904420] [SPIRES];

A. Kovner, J.G. Milhano and H. Weigert, Relating different approaches to nonlinear QCD
evolution at finite gluon density, Phys. Rev. D 62 (2000) 114005 [hep-ph/0004014]
[SPIRES];

H. Weigert, Unitarity at small Bjorken x, Nucl. Phys. A 703 (2002) 823 [hep-ph/0004044]
[SPIRES].

Y.V. Kovchegov, Unitarization of the BEKL Pomeron on a nucleus,
Phys. Rev. D 61 (2000) 074018 [hep-ph/9905214] [SPIRES].

E. Tancu, A. Leonidov and L.D. McLerran, Nonlinear gluon evolution in the color glass
condensate. I, Nucl. Phys. A 692 (2001) 583 [hep-ph/0011241] [SPIRES]; The
renormalization group equation for the color glass condensate, Phys. Lett. B 510 (2001) 133
[hep-ph/0102009] [SPIRES];

E. Ferreiro, E. Iancu, A. Leonidov and L. McLerran, Nonlinear gluon evolution in the color
glass condensate. II, Nucl. Phys. A 703 (2002) 489 [hep-ph/0109115] [SPIRES].

A. Kovner and M. Lublinsky, In pursuit of Pomeron loops: the JIMWLK equation and the
Wess-Zumino term, Phys. Rev. D 71 (2005) 085004 [hep-ph/0501198] [SPIRES].

A. Kovner, M. Lublinsky and U. Wiedemann, From bubbles to foam: dilute to dense evolution
of hadronic wave function at high energy, JHEP 06 (2007) 075 [arXiv:0705.1713] [SPIRES].

Y.V. Kovchegov and K. Tuchin, Inclusive gluon production in DIS at high parton density,
Phys. Rev. D 65 (2002) 074026 [hep-ph/0111362] [SPIRES].

M.A. Braun, On the inclusive gluon jet production from the triple Pomeron vertex in the
perturbative QCD, Eur. Phys. J. C 48 (2006) 501 [hep-ph/0603060] [SPIRES].

R. Baier, A. Kovner, M. Nardi and U.A. Wiedemann, Particle correlations in saturated QCD
matter, Phys. Rev. D 72 (2005) 094013 [hep-ph/0506126] [SPIRES].

J. Jalilian-Marian and Y.V. Kovchegov, Inclusive two-gluon and valence quark-gluon
production in DIS and p A, Phys. Rev. D 70 (2004) 114017 [Erratum ibid. D 71 (2005)
079901] [hep-ph/0405266] [SPTRES].

A. Kovner, M. Lublinsky and H. Weigert, Treading on the cut: semi inclusive observables at
high energy, Phys. Rev. D 74 (2006) 114023 [hep-ph/0608258| [SPIRES].

A. Kovner and M. Lublinsky, One gluon, two gluon: multigluon production via high energy
evolution, JHEP 11 (2006) 083 [hep-ph/0609227] [SPIRES].

J. Bartels, M. Salvadore and G.P. Vacca, Inclusive 1-jet production cross section at small x
in QCD: multiple interactions, JHEP 06 (2008) 032 [arXiv:0802.2702] [SPIRES].

E. Levin and A. Prygarin, Inclusive gluon production in the dipole approach: aGK cutting
rules, arXiv:0804.4747 [SPIRES].

Y.V. Kovchegov, Classical initial conditions for ultrarelativistic heavy ion collisions,
Nucl. Phys. A 692 (2001) 557 [hep-ph/0011252] [SPIRES].

I. Balitsky, Scattering of shock waves in QCD, Phys. Rev. D 70 (2004) 114030
[hep-ph/0409314] [SPIRES].

M.A. Braun, Single and double inclusive cross-sections for nucleus-nucleus collisions in the
peryrbative QCD, Eur. Phys. J. C 55 (2008) 377 [arXiv:0801.0493] [SPIRES].

,26,


http://dx.doi.org/10.1103/PhysRevD.61.014012
http://arxiv.org/abs/hep-ph/9904420
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9904420
http://dx.doi.org/10.1103/PhysRevD.62.114005
http://arxiv.org/abs/hep-ph/0004014
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0004014
http://dx.doi.org/10.1016/S0375-9474(01)01668-2
http://arxiv.org/abs/hep-ph/0004044
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0004044
http://dx.doi.org/10.1103/PhysRevD.61.074018
http://arxiv.org/abs/hep-ph/9905214
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9905214
http://dx.doi.org/10.1016/S0375-9474(01)00642-X
http://arxiv.org/abs/hep-ph/0011241
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0011241
http://dx.doi.org/10.1016/S0370-2693(01)00524-X
http://arxiv.org/abs/hep-ph/0102009
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0102009
http://dx.doi.org/10.1016/S0375-9474(01)01329-X
http://arxiv.org/abs/hep-ph/0109115
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0109115
http://dx.doi.org/10.1103/PhysRevD.71.085004
http://arxiv.org/abs/hep-ph/0501198
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0501198
http://jhep.sissa.it/stdsearch?paper=06%282007%29075
http://arxiv.org/abs/0705.1713
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0705.1713
http://dx.doi.org/10.1103/PhysRevD.65.074026
http://arxiv.org/abs/hep-ph/0111362
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0111362
http://dx.doi.org/10.1140/epjc/s10052-006-0030-8
http://arxiv.org/abs/hep-ph/0603060
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0603060
http://dx.doi.org/10.1103/PhysRevD.72.094013
http://arxiv.org/abs/hep-ph/0506126
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0506126
http://dx.doi.org/10.1103/PhysRevD.70.114017
http://arxiv.org/abs/hep-ph/0405266
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0405266
http://dx.doi.org/10.1103/PhysRevD.74.114023
http://arxiv.org/abs/hep-ph/0608258
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0608258
http://jhep.sissa.it/stdsearch?paper=11%282006%29083
http://arxiv.org/abs/hep-ph/0609227
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0609227
http://jhep.sissa.it/stdsearch?paper=06%282008%29032
http://arxiv.org/abs/0802.2702
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0802.2702
http://arxiv.org/abs/0804.4747
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0804.4747
http://dx.doi.org/10.1016/S0375-9474(01)00652-2
http://arxiv.org/abs/hep-ph/0011252
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0011252
http://dx.doi.org/10.1103/PhysRevD.70.114030
http://arxiv.org/abs/hep-ph/0409314
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0409314
http://dx.doi.org/10.1140/epjc/s10052-008-0589-3
http://arxiv.org/abs/0801.0493
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0801.0493

[20]

[25]

[26]

F. Gelis, T. Lappi and R. Venugopalan, High energy factorization in nucleus-nucleus
collisions, Phys. Rev. D 78 (2008) 054019 [arXiv:0804.2630] [SPIRES]; High energy
factorization in nucleus-nucleus collisions II - Multigluon correlations,

Phys. Rev. D 78 (2008) 054020 [arXiv:0807.1306] [SPIRES]; High energy factorization and
long range rapidity correlations in the Glasma, arXiv:0810.4829 [SPIRES].

Y.V. Kovchegov, Inclusive gluon production in high energy onium onium scattering,
Phys. Rev. D 72 (2005) 094009 [hep-ph/0508276] [SPIRES].

A. Kovner and M. Lublinsky, Dense-dilute duality at work: dipoles of the target,
Phys. Rev. D 72 (2005) 074023 [hep-ph/0503155] [SPIRES].

A. Kovner and M. Lublinsky, The Yin and Yang of high energy chromodynamics: scattering
in black and white, Nucl. Phys. A 779 (2006) 220 [hep-ph/0604085] [SPIRES].

A. Kovner, L.D. McLerran and H. Weigert, Gluon production from nonAbelian
Weizsacker- Williams fields in nucleus-nucleus collisions, Phys. Rev. D 52 (1995) 6231
[hep-ph/9502289] [SPIRES]; Gluon production at high transverse momentum in the
MecLerran-Venugopalan model of nuclear structure functions, Phys. Rev. D 52 (1995) 3809
[hep-ph/9505320] [SPIRES].

L.D. McLerran and R. Venugopalan, Computing quark and gluon distribution functions for
very large nuclei, Phys. Rev. D 49 (1994) 2233 [hep-ph/9309289] [SPIRES]; Gluon
distribution functions for very large nuclei at small transverse momentum,

Phys. Rev. D 49 (1994) 3352 [hep-ph/9311205] [SPIRES].

E.A. Kuraev, L.N. Lipatov and V.S. Fadin, The Pomeranchuk singularity in nonabelian gauge
theories, Sov. Phys. JETP 45 (1977) 199 [Zh. Eksp. Teor. Fiz. 72 (1977) 377] [SPIRES];

I.I. Balitsky and L.N. Lipatov, The Pomeranchuk singularity in quantum chromodynamics,
Sov. J. Nucl. Phys. 28 (1978) 822 [Yad. Fiz. 28 (1978) 1597] [SPIRES].

A. Kovner and M. Lublinsky, From target to projectile and back again: selfduality of high
energy evolution, Phys. Rev. Lett. 94 (2005) 181603 [hep-ph/0502119] [SPIRES].

C.R. Schmidt, Rapidity-separation dependence and the large next-to- leading corrections to
the BFKL equation, Phys. Rev. D 60 (1999) 074003 [hep-ph/9901397] [SPIRES];

J.R. Forshaw, D.A. Ross and A. Sabio Vera, Rapidity veto effects in the NLO BFKL
equation, Phys. Lett. B 455 (1999) 273 [hep-ph/9903390] [SPIRES].

K. Kutak and A.M. Stasto, Unintegrated gluon distribution from modified BK equation,

Eur. Phys. J. C 41 (2005) 343 [hep-ph/0408117] [SPIRES];

G. Chachamis, M. Lublinsky and A. Sabio Vera, Higher order effects in non linear evolution
from a veto in rapidities, Nucl. Phys. A 748 (2005) 649 [hep-ph/0408333] [SPIRES];

E. Gotsman, E. Levin, U. Maor and E. Naftali, A modified Balitsky-Kovchegov equation,
Nucl. Phys. A 750 (2005) 391 [hep-ph/0411242] [SPIRES].

T. Altinoluk, A. Kovner and J. Peressutti, More on eikonal approximation for high energy
scattering, Nucl. Phys. A 818 (2009) 232 [arXiv:0810.4533] [SPIRES], in press.

,27,


http://dx.doi.org/10.1103/PhysRevD.78.054019
http://arxiv.org/abs/0804.2630
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0804.2630
http://dx.doi.org/10.1103/PhysRevD.78.054020
http://arxiv.org/abs/0807.1306
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0807.1306
http://arxiv.org/abs/0810.4829
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0810.4829
http://dx.doi.org/10.1103/PhysRevD.72.094009
http://arxiv.org/abs/hep-ph/0508276
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0508276
http://dx.doi.org/10.1103/PhysRevD.72.074023
http://arxiv.org/abs/hep-ph/0503155
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0503155
http://dx.doi.org/10.1016/j.nuclphysa.2006.08.016
http://arxiv.org/abs/hep-ph/0604085
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0604085
http://dx.doi.org/10.1103/PhysRevD.52.6231
http://arxiv.org/abs/hep-ph/9502289
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9502289
http://dx.doi.org/10.1103/PhysRevD.52.3809
http://arxiv.org/abs/hep-ph/9505320
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9505320
http://dx.doi.org/10.1103/PhysRevD.49.2233
http://arxiv.org/abs/hep-ph/9309289
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9309289
http://dx.doi.org/10.1103/PhysRevD.49.3352
http://arxiv.org/abs/hep-ph/9311205
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9311205
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ZETFA,72,377
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=YAFIA,28,1597
http://dx.doi.org/10.1103/PhysRevLett.94.181603
http://arxiv.org/abs/hep-ph/0502119
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0502119
http://dx.doi.org/10.1103/PhysRevD.60.074003
http://arxiv.org/abs/hep-ph/9901397
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9901397
http://dx.doi.org/10.1016/S0370-2693(99)00451-7
http://arxiv.org/abs/hep-ph/9903390
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9903390
http://dx.doi.org/10.1140/epjc/s2005-02223-0
http://arxiv.org/abs/hep-ph/0408117
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0408117
http://dx.doi.org/10.1016/j.nuclphysa.2004.11.011
http://arxiv.org/abs/hep-ph/0408333
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0408333
http://dx.doi.org/10.1016/j.nuclphysa.2004.12.073
http://arxiv.org/abs/hep-ph/0411242
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0411242
http://dx.doi.org/10.1016/j.nuclphysa.2008.12.002
http://arxiv.org/abs/0810.4533
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0810.4533

	Introduction
	High energy evolution as seen from[1]
	Generalities
	Definitions
	H(RFT)

	The amplitudes Q and the scattering amplitude
	Inclusive gluon production
	Single gluon inclusive production
	Double and multi gluon inclusive amplitudes
	Evolution with rapidity

	Discussion
	Single gluon inclusive amplitude

